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Abstract. We investigate the behavior of the trajectory of an arbitrary (2, l)-rational 
p-adic dynamical system in a complex p-adic field Cp. We study, in particular, Siegel 
disks and attractors for such dynamical systems. The set of fixed points of the (2, 1)- 
rational functions can be empty, or consist of one element or of two elements. We obtain 
the following results: 

(i) In the case where there is no fixed point we show that the p-adic dynamical system 
has a 2-periodic cycle xi,X2 which only can be either an attracting or an indifferent one. 
If it is attracting then it attracts each trajectory which starts from an element of a ball 
of radius r = \xi — X2\p with the center at xi or at X2. If the 2-periodic cycle is an 
indifferent one, then in each step the above mentioned balls transfer to each other. All 
the other spheres with radius > r and the center at xi and X2 are invariant independently 
of the attractiveness of the cycle. 

(ii) In the case where the fixed point xo is unique we prove that if the point is attracting 
then there exists 5 > 0, such that the basin of attraction for xq is the ball of radius 5 and 
the center at xo and any sphere with radius > (5 is invariant. If xo is an indifferent point 
then all spheres with the center at 2:0 are invariant. If xo is a repelling point then there 
exits 5 > 0, such that the trajectory which starts at an element of the ball of radius 5 
with the center in xo leaves this ball, whereas any sphere with radius > 5 is invariant. 

(iii) In case of existence of two fixed points, the p-adic dynamical system has a very 
rich behavior: we show that Siegel disks may either coincide or be disjoint for different 
fixed points of the dynamical system. Besides, we find the basin of the attractor of 
the system. Varying the parameters it is proven that there exists an integer k > 2, 
and spheres Sri{xi), . . . , Sr^{xi) such that the limiting trajectory will be periodically 
traveling the spheres Sr^ ■ For some values of the parameters there are trajectories which 
go arbitrary far from the fixed points. 



1. Introduction 

In this paper we will state some results concerning discrete dynamical systems defined 
over the complex p-adic field Cp. The interest in such systems and in the ways they can 
be applied has been rapidly increasing during the last couple of decades (see, e.g., [3T] 
and the references therein). The p-adic numbers were first introduced by the German 
mathematician K.Hensel. For about a century after the discovery of p-adic numbers, 
they were mainly considered objects of pure mathematics. Beginning with 1980's various 
models described in the language of p-adic analysis have been actively studied. More 
precisely, models over the field of p-adic numbers have been considered which, based on the 
conception that p-adic numbers might provide a more exact and more adequate description 
of micro- world phenomena. Numerous applications of these numbers to theoretical physics 
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have been proposed in papers [1], [T3l, [23], [33], to quantum mechanics [18], to p-adic 
- valued physical observable [18] and many others [19], |33j . 

The study of p-adic dynamical systems arises in Diophantine geometry in the construc- 
tions of canonical heights, used for counting rational points on algebraic vertices over 
a number field, as in [7]. In [2D], [32] p-adic field have arisen in physics in the theory 
of superstrings, promoting questions about their dynamics. Also some applications of 
p-adic dynamical systems to some biological, physical systems has been proposed in [1]- 
[3]; [1], |20j . |21j . Other studies of non- Archimedean dynamics in the neighborhood of a 
periodic and of the counting of periodic points over global fields using local fields appear 
in [14J, ^22j, |28j . It is known that the analytic functions play important role in complex 
analysis. In the p-adic analysis the rational functions play a similar role to the analytic 
functions in complex analysis [30]. Therefore, naturally one arises a question to study the 
dynamics of these functions in the p-adic analysis. On the hand, such p-adic dynamical 
systems appear while studying p-adic Gibbs measures |9], [10], [15], [25]- [27]. In |5], [6] 
dynamics on the Fatou set of a rational function defined over some finite extension of Qp 
have been studied, besides, an analogue of Sullivan's no wandering domains theorem for 
p-adic rational functions which have no wild recurrent Julia critical points were proved. 
In [3] the behavior of a p-adic dynamical system f{x) = in the fields of p-adic numbers 
Qp and complex p-adic numbers Cp was investigated. Some ergodic properties of that 
dynamical system have been considered in [T2] . 

In [23] the behavior of the trajectory of a rational p-adic dynamical system in complex 
p-adic filed Cp is studied. It is studied Siegel disks and attractors of such dynamical 
systems. It is shown that Siegel disks may either coincide or be disjoint for different fixed 
points. Besides, the basin of the attractor of the rational dynamical system is found. It 
is proved that such kind of dynamical system is not ergodic on a unit sphere with respect 
to the Haar measure. 

The base of p-adic analysis, p-adic mathematical physics are explained in [11], [T7], [33] . 

In this paper we investigate the behavior of trajectory of an arbitrary (2, l)-rational 
p-adic dynamical system in complex p-adic field Cp. The paper is organized as follows: 
in Section 2 we give some preliminaries. Section 3 contains the definition of the concept 
of a (2, l)-rational function. Section 4 is devoted to the p-adic dynamical system which 
has a unique fixed point xq. We prove that if the point is attracting then there exits 
(5 > 0, such that the basin of attraction for xq is the ball of radius 6 and the center at xq 
and any sphere with radius > (5 is invariant. If xq is an indifferent point then all spheres 
with the center at xq are invariant. If xq is a repelling point then there exits 5 > 0, such 
that the trajectory which starts at an element of the ball of radius 6 with center at xq 
leaves this ball, whereas any sphere with radius > J is invariant. Section 5 contains results 
concerning the p-adic dynamical systems which have no fixed point. We show that such 
p-adic dynamical systems have a 2-periodic cycle xi,X2 which only can be an attracting 
or an indifferent one. If it is attracting then it attracts each trajectory which starts from 
an element of a ball of radius r = \xi — X2\p with the center at xi or at X2- If the 2- 
periodic cycle is an indifferent one then in each step the above mentioned balls transfer 
to each other. All the other spheres with radius > r and the center at xi and X2 are 
invariant independently on the attractiveness of the cycle. The last section is devoted to 
the case of existence of two fixed points. We show, in particular, that Siegel disks may 
either coincide or be disjoint for different fixed points of the dynamical system. Besides, 
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we find the basin of the attractor of the system. Varying the parameters we prove that 
there exists k > 2, and spheres Snixi), . . . , Sr^{xi) such that the hmiting trajectory wih 
be periodically traveling the spheres Srj{xi). For some values of the parameters there are 
trajectories which go arbitrary far from the fixed points. 

2. Preliminaries 

2.1. p-adic numbers. Let Q be the field of rational numbers. The greatest common 
divisor of the positive integers n and m is denotes by (n, m). Every rational number x ^ 
can be represented in the form x = p^^, where r, n G Z, m is a positive integer, {p, n) = 1, 
{p, m) = 1 and p is a fixed prime number. 
The p-adic norm of x is given by 




p for X 7^ 0, 

0, for X = 0. 



It has the following properties: 

1) \x\p > and \x\p = if and only if x = 0, 

2) |x?/|p = |x|p|?/|p, 

3) the strong triangle inequality holds 

\x + y\p < max{|x|p, |y|p}, 

3.1) if \x\p ^ \y\p then |x + y\p = max{|x|p, \y\p}, 

3.2) if \x\p = \y\p then |x + y\p < \x\p. 
Thus \x\p is a non- Archimedean norm. 

The completion of Q with respect to the p-adic norm defines the p-adic field which is 
denoted by Qp. 

The well-known Ostrovsky's theorem asserts that the norms |x| = |x|oo and |x|p, p G 
P, (where P = {2,3,5...} denotes the set of prime numbers) exhaust all nonequivalent 
norms on Q (see |17j). Any p-adic number x ^ can be uniquely represented by the 
canonical series, convergence in the |x|p-norm: 

X = p^(^)(xo + Xip + X2P^ + ...), (2.1) 
where 7 = 7(x) S Z and Xj are integers, < Xj < p — 1, xq > 0, j G No = {0, 1, 2, ...} (see 
for more details [H], [iTj). Observe that in this case |x|p = p~'^^^\ 

The algebraic completion of Qp which is complete with respect to | • |p is denoted by Cp 
and it is called the field of complex p-adic numbers. For any a G Cp and r > denote 

Ur{a) = {x G Cp : |x — a\p < r}, Vr{a) = {x G Cp : |x — a\p < r}, 

Sr{a) = {x G Cp : |x — a\p = r}. 
A function / : Ur{a) — )• Cp is said to be analytic if it can be represented by 

00 

/(x) = ^/„(x-a)", /„GCp, 

n=0 

which converges uniformly on the ball Ur{a). 
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Theorem 2.2. f33^ Let f{x) be an analytic function on a ball Ur{a) and f'{a) 7^ 0, 
= p". Then there exists a ball Up{a), with p < r, such that f is one-to-one 
map from Up{a) into Up+nib) with b = f{a), and the inverse function g{y) is an analytic 
function on Up-^-n(b) and the following equality holds 

2.3. Dynamical systems in Cp. In this section we recall some known facts concerning 
dynamical systems (/, U) in Cp, where f : x G U ^ f{x) G C/ is an analytic function and 
U = Ur{a) or Cp. 

Now let / : [/ — 7- ?7 be an analytic function. Denote x„ = /"(xq), where xq £ U and 

n 

Let us first recall some the standard terminology of the theory of dynamical systems 
(see for example [29]). If /(xq) = xq then xq is called a fixed point. The set of all fixed 
points of / is denoted by Fix(/). A fixed point xq is called an attractor if there exists a 
neighborhood V(xo) of xq such that for all points y E V{xo) it holds that lim y„ = xq. 

n— >oo 

If Xq is an attractor then its basin of attraction is 

M^o) = {y G Cp : y„ xo, n 00}. 

A fixed point xq is called repeller if there exists a neighborhood V{xq) of xq such that 
|/(x) — xolp > |x — xolp for X G V{xq), x 7^ xq. Let xq be a fixed point of a function 
/(x). The ball Ir(xo) (contained in U) is said to be a Siegel disk if each sphere S'p(xo), 
p < r is an invariant sphere for /(x), i.e. if x S Sp{xo) then for all iterated points we have 
Xn G Sp{xo), for all n £ N. The union of all Siegel disks with the center at xq is said to a 
maximum Siegel disk and is denoted by 5I(xo). 

In complex geometry, the center of a disk is uniquely determined by the disk, and 
different fixed points cannot have the same Siegel disks. In non- Archimedean geometry, a 
center of a disk is a point which belongs to the disk. Therefore, different fixed points may 
have the same Siegel disk [3j. 

Let Xq be a fixed point of an analytic function /(x). Put 

The point xq is attractive if < |A|p < 1, indifferent if |A|p = 1, and repelling if |A|p > 1. 

Theorem 2.4. Let xq be a fixed point of an analytic function f : U ^ U . The 
following assertions hold 

1. if Xq is an attractive point of f, then it is an attractor of the dynamical system 
{f,U). If r > satisfies the inequality 

1 dV, 



max 

l<n<oo 



n\ dx" 

and Ur{xo) C U then C/r(xo) C A{xo); 



r"-i < 1 (2.2) 
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2. if Xq is an indifferent point of f then it is the center of a Siegel disk. If r satisfies 
the inequality 



s = max 

2<n<oo 



Id'-f 



r'^ ^ < \nxo)\p (2.3) 

p 



nl dx 

and Ur{xo) C U then Ur{xo) C SI{xo); 
3. if Xq is a repelling point of f then xq is a repeller of the dynamical system (/, U). 

3. (2, 1)-RATI0NAL p-ADIC DYNAMICAL SYSTEMS 

A function is called an (n, m)-rational function if and only if it can be written in the 
form f{x) = q"'^(^x) ' '^here Pn{x) and Qm{x) are polynomial functions with degree n and 
m respectively {Qm{x) is not the zero polynomial). 

In this paper we consider the dynamical system associated with the (2, l)-rational func- 
tion / : Cp — )• Cp defined by 

f{x) = ^ a,b,c,deCp, c/0, d^ - acd + bc^ 0, (3.1) 

where x ^ x = — . 

c 

Note that any (2, l)-rational function can be written in the form (j3.ip . If we take 
a = b = then the function coincides with the function considered in [16j. But the 
authors of |16] did not consider the case c = 1 , c? 7^ in which case the function has no 
fixed point. In this paper we consider the following cases: 

1) c = 1, a d. In this case the function / has a unique fixed point xo = -^r^- 

2) c = 1, a = d, b ^ 0. In this case there is no fixed point. 

3) c = 1, a = d, b = 0. In this case f{x) = x, i.e. the function / is the id-function. 

4) c 7^ 1. There are two fixed points: 



a-d±^y{a-d)^ + A{c-l)b 



The function / can be written in the following form 

_ , 1/2 2 , d^ - acd + bc^ 

fix) = ^ \ c x + ac — dc-\ J 

c^\ x + l ^ 

Using this representation we get the following formulas: 

1/2 ~ + bc^ 



fix) = 4 - ' , (3.3) 

-:^/(.) = (-l)"n! ''-°^' + tf ^ ->2. (3.4) 
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4. The case of a unique fixed point 

In this section we consider the case c = 1 and a ^ d. As mentioned above in this case 
there is a unique fixed point: xq = ^y^. 
Denote 

Pi = G Cp : 3n e N U {0}, /"(x) = x}, for c = 1. 
For c = 1 we have 

ad + b — a'^ 



d2 - ad + b' 



(4.1) 



4.1. The case |/'(xo)|p = 1. If \f'{xo)\p = 1 then by Theorem 12.41 the point xq is an 
indifferent point and it is the center of a Siegel disk. 

Theorem 4.2. If c = 1, |/'(xo)|p = 1 then SI{xo) = Cp\Vi. 

Proof. Denote 6 = \xo + d\p. We shah prove that f{Sr{xo) \ Vi) C Sr{xQ) for any r > 0. 
Take an arbitrary y G Sr{xQ) \ Vi, i.e., y = xq + {jlp = r. We have 



\f{y) - xo\p = r 



Xq + 2dxQ + ad — b + 7(^0 + d) 



{xq + d)"^ + 7(xo + d) 



f'ixo) 



xo+d 



1 + 



xo+d 



(4.2) 



For r 6 using property 3.1) of the p-adic norm we get |/(y) — xo|p = r, i.e. /(y) G 
Sr{xo). In case r = 6 one can use the p-adic version of the inverse function given by 
Theorem 12.21 and show that f{Ss{xo) \ Vi) C Ss{xq). Indeed, if we assume that there 
exists X G Ss{xq) such that y = f{x) ^ Ss{xq) then this by the inverse function theorem 
gives the following contradiction: 



\x - xo\p = 1/ ^{y) - xo\p 



1 



/'(xo) 



\y - xo\p = \y - xq\p / 5. 



□ 



4.3. The case |/'(xo)|p < 1. For |/'(xo)|p < 1 the point xq is an attractive point of /. 

Theorem 4.4. If c = l, |/'(xo)|p < 1 then 

(i) for any fi > 6 the sphere Sfj_{xo) is invariant with respect to f , i.e. f{Sp_{xQ)) C 
Si,{xo). 

(ii) Vs{xo) C A{xo). 

Proof, (i) Take an arbitrary y G S'^(xo), i.e., y = xq + 7, |7|p = /U. We have 



l/(y) - xo\p = /i ■ 



f'ixo) + 



7 



xo+d 



1 + 



Xo+d 



(4.3) 



Using n > 6 and property 3.1) of the p-adic norm we get \ f{y) — xo|p = n, i.e. f{y) G 
S,m{xo). 
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(ii) We shall use Theorem 12.41 By formula ([3 



max 

1<71<00 



n! dx"- 



max 

l<n<oo 



(f -ad + b 



{xo + dY 



\xo + d\p 



n-1 



max 

l<n<oo 



max 1 

l<n<oo 



for c = 1, we have 
d"^ -ad + b 



{xo + 
-/'(^o)| 



n-1 



|xo + d\j: 



n-1 



max 

l<n<oo 



n-1 



< 1, if r < 5. 



\xo + d\p 

Thus by Theorem [2^ we get Vs{xo) C A{xo). □ 

Hence we proved that all elements of ^^(xo) for fi < 5 are points of the basin of 
attraction A{xo), and all spheres Sf^{xo) for fi > 6 are invariant. Moreover, since on 
S^{xo) for fi > 5 there is no a fixed point of / the trajectory Xn = f^{x) does not 
converge for any x G S^{xo), for fi > 5. Now it remains to study the dynamical system 
for X G ^^(xo). 

Lemma 4.5. Vi C ^^(xo). 

Proof. First we note that x G ^^(xo). Indeed, for c = 1 we have 

1^ - xo\p = \ - d - xo\p = \xo + d\p = 6. 

Now take an arbitrary x G T^i, x 7^ x then x is not in S^{xo), > (5 since the spheres are 
invariant with respect to /, so there is no n with /"(x) = x. Moreover, x ^ Vg{xo), since 
Vs{xo) is subset of the attractor. Thus the only possibility is that x G ^^(xo). □ 

Theorem 4.6. If c = 1, |/'(xo)|p < 1 and x G ^^(xo) \ Vi then there exist the following 
two possibilities: 

1) There exists k £ N and fik > ^ such that /'"(x) G 5^j.(xo), for any m>k. 

2) The trajectory {f^{x),k > 1} is a subset of Ss{xo)- 

Proof. Take x G ^^(xo) \ Vi then x = xq + 7 with {jlp 



\f{y) - xo\p = s ■ 



xo+d 



5. We have 
6 



1 + 



XQ+d 



1 + 



7 



xo+d 



> 6. 



(4.4) 



If \f{x) — xo\p > 6 then there is ni > 6 such that f{x) G ^^^(xo). So in this case k = 1. 
If \f{x) — xo\p = S then we consider the following equality 



|/(x) - Xolp 



\r{x) 



52 



xo\ 



1 + 



f(x)-xo 

XQ+d 



\f{x) + d\, 



(4.5) 



Since /(x) G ^^(xo) we have /(x) = xq + 71, with |7i|p = 5. From ()4.5p we get 

52 



ir(x)-xoi 



I71 + (a^o + rf)|? 



> 6. 
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Now, if 1/^(3;) — xq\p > 6 then there is ^2 > 6 such that /^(x) G (xg). So in this case 
k = 2. If — xo\p = 6 then we can continue the argument and get the fohowing 

equahty 



X0\p 



\fk-l(x) + d\p 



Hence in each step we may have two possibihties: \f^{x) 



6 or \ f''{x) - xo\p > S. 



In case \f (x) — xo|p > S there exists fik such that f (x) G 5^j.(xo), and since 5^^(xo) is 
an invariant with respect to / we get f^{x) G ^^^.(xo) for any m>k. If \ f^{x) — xo|p = 5 
for any G N then {/''(x), A: > 1} C S5{xq). □ 

From Theorems l4.2lHr6] we get immediately the following 

Corollary 4.7. A{xq) = Vs{xq). 

4.8. The case |/'(xo)|p > 1. If |/'(xo)|p > 1 then the point xq is a repeller of the 
dynamical system. 

Theorem 4.9. If c = 1, |/'(xo)|p = q > 1 and x G S^{xq)\V2 then the following properties 
hold 

(a) If II < 5 then 

(a.l) // iiq™' 7^ 6 for all m ^ N then there exists A; G N such that ^q^ > 6 
and /"(x) G 5^gn(xo), n = l,...,k; f''+\x) G ^^^(xo); /^■+^(x) G 
Su{xo), where v < 5q, i.e. the trajectory after k steps leaves Us{xo). 

(a.2) IfuQ"^ = S for some m G N then f"(x) G S s (xn), n = l,...,m; /"+^(x) G 

S'jy(xo), where u > 5q. 

(b) If n> 6 then 

(b.l) If n> 6q then f{x) G ^^^(xo); 

(b.2) If fi< 6q then f{x) G ^^^(xo); 

(b.3) If fi = 5q then f{x) G Sy{xo) where v < 5q. 



Proof, (a.l) For x G ^^(xo) we have 



|/(x) - Xolp = fi ■ 



xo+d 



fiq. 



(4.6) 



If > (5 then A; = 1. If /ig < (5 then we take fii = fiq and get 

/'(-o) + ^. 



1/ (x) - Xolp = /Ui • 



1 + 



xo+d 



fj.iq = nq . 



If fiq^ > 5 then k = 2. Otherwise we take ^2 = f^q^ and repeat the argument. Since ^ > 1, 
iterating the argument we find a finite A; G N such that ^q^^^ < 6, jiq^ > 6 and 

|/'=(x)-xo|p = M^ 
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Since 1 < < q, using property 3.1) we obtain 



1/ 



k+li 



fl(rr \ _L /''(^)-^O 



1 + 



/''(x)-xo 



— T = 
Ml 
(5 



For A; + 2 we have 



\f^+\x)-xo\p = 5q 



fit \ I f''^^{x)-xo 



1 + 



xo+d 



< 



Thus there is u < 6q such that f^^'^{x) G 5,y(xo). 

(a.2) This proof up to the step m similar to the proof of (a.l) 
for m + 1 we have 



5q. 



Since — xo| 



1/ 



m+li 



5- 



1 + 



f"^{x)-xo 

XQ+d 



> Sq. 



(b.l) For X £ S^{xq) using conditions of the assertion (b.l) we get 



1 _|_ X-XQ 



The proofs of (b.2) and (b.3) are similar to the above proofs. 



□ 

Remark 4.10. Theorem \4-9[ gives the following character of the dynamical system when 
xq is a repeller point: the trajectory of a point from the inner of Usq{xo) goes forward to 
the sphere Ssg as soon as the trajectory reaches the sphere, in the next step, it may go 
back to the inner ofUsq{xQ) or stay in Ssq for some time and then go back to the inner of 
Usq{xo). As soon as the trajectory goes outside of Usq{xo) it will stay (all the rest time) 
in the sphere (outside of Usq{xo)) where first it came. 



5. The case where there is no fixed point 

In this section we consider the case c = 1, a = d, b ^ 0. In this case the function 
f{x) = ^ x+a^^ ^i^^d point. In such a case it will be interesting to find periodic 

points of /. Let us consider 2-periodic points, i.e. consider the equation 

6 b{x + a) 



g{x)^f{f{x))=X + 

This equation is equivalent to (x+a)^ = 
in Cp. It is a surprise that g'{ti) = g'{t2) 



+ 



X + a {x + a)2 + b 



(5.1) 



-a±^J-b/2 

9, i.e. the value does not depend on parameters 



"2, which has two solutions ti^2 
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a and b. Thus we have 



\9'{h)\p = \9'{t2)\, 



1, if p / 3, 
1/9, if p = 3. 



(5.2) 

a,x±}, where x± = 



Note that the function g (see (|5.1|) ) is defined in Cp \ {x 

—a lb are the solutions to the equation f{x) = x. 
Denote 

V2 = {x e Cp : 3n eN, suchthat /"(x) G {x, £+}}, 

h = \ti + a\p = 1*2 + a\p. 
The fohowing equahties are obvious: 

\h—t2\p = h, p / 2; |x — tilp = |x — t2|p = /i- 

5.1. Case p 7^ 3. In this case each fixed point ti, t2 of g is an indifferent point and is the 
center of a Siegel disk. 

Theorem 5.2. If p / 3 i/ien /(5,.(ti) \ P2) ^ 5^(t2), /(S^(t2) \ ^^2) ^ 5r(ti), M 
r > 0. 

Proof. We shall use the following equalities: 

f{ti)=t2, fit2)=h; f'{ti)= f'it2) = 3. 
Let X £ Sr{ti) \ V2-, i.e., x = ti + 7 with |7|p = r. We have 

+ 



|/(x)-t2|p=|/(x)-/(ti)|p = r 



i+a 



1 + 



(5.3) 



If r / /i then using the property 3.1) we get from (|5.3p that /(x) G Sr{t2)- In case r = h 
we use the p-adic version of the inverse function given by Theorem 12. 2t assume that there 
exists X € Shih) such that y = f{x) ^ Sh{t2), then this by the inverse function theorem 
gives the following contradiction: 



h=\x-h\p = \f-\y)-f'\t2)\p 



nt2) 



\y - t2\p = \y- *2|p / h. 



□ 



5.3. Case p = 3. In this case each fixed point ti,t2 of g is an attractive point of g. 
Theorem 5.4. If p = 3 then 



(2n+li 



(a) If r < h then for any x G Sr{ti)\V2, lim„_j.oo f [x) = ti and lim„^oo / 
t2; for any x e Sr{t2) \'P2, lim„^oo f'^^'ix) = t2 and lim„^oo /^"^H^^) = 

(b) Ifr > h then /(5,(ti) \p2) ^ ^.(ta), f{Sr{t2)\V2) ^ S,(ti). 
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(c) If r = h then for any x G Shiti) \ V2 there exists v = v{x) > h such that 
/2"(x) G S^{ti) and f^^'+^ix) G S^{t2); for any y E Sh{t2) \ P2 there exists 
/X = fMiy) > h such that /^"(y) e ^^(ts) and f^^^+^y) € S^{ti). 



Proof. Let x G Sr{ti) \ V2, i-e., x = ti + 7 with I7I3 = r. We have 



\f{x)-t2\3 = \f{x)-f{ti)\^=r 



For /^(x) we have 



3 + 



1 + 



ii+a 



(y9(r) 



r, if r > /i, 
> r, if r = /i. 



if I < r < /i, 



(5.4) 



< §, if r 



h 
3 ' 



^ 3' 



\f\x) - tils = |/2(X) - /2(ti)|3 = \fix) - t2\3 



3 + 



if r < |. 



/(a^)-t2 



i2+a 



1 + 



f(x)-t2 
t2+a 



ipii^ix)) 



Mr)? 



< 



3 ' 



3 ' 



if ip{r) > h, 
if V3(r) = h, 

if I < (f{r) < h, 

if ^(r) = |, 

if ^{r) < |. 



Iterating this argument we obtain the following formulas for x G Sr{ti) \V2- 

- ti|3 = (^'"(r), |/2"+i(x) - t2|3 = V^2"+^(r). (5.5) 

Thus the dynamics of the radius r of the spheres is given by the function (f ■ [0, +00) — t- 
[0, +00), which is defined in formula (j5.4p . The following properties of <p are obvious: 

1°. The set of fixed points of ip{x) is Fix((^) = {0} U {h, +00) U {h : ifip{h) = h}; 
2°. If f"'{h) = h, Vn = l,...,m, for some m G N and 99™'+^(/i) = h^, > h then 

ip^{h) = /i* for all /c > m + 1; 
3°. The fixed point r = is attractive with basin of attraction [0,h), independently 

on the value (p{^) < -g. 

Now using (j5.5p it is easy to see that the assertion (a) follows from property 3°; the 
assertion (b) follows from property 1° and (c) follows from 2°. □ 



6. The case with two fixed points 

In this section we consider the case c ^ 1, a ^ 0, d'^ — acd + bc^ 7^ then the function 
/ has two fixed points xi and X2 (see (j3.2p ). We denote 



P3 = {x G Cp : 3n G N U {0}, /"(x) = x}, for c / 1. 
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For any x G Cp, x / x, by simple calculations we get 



|/(x) - X. 



\x — X. 



I IP 



](X{Xl\ -\- X Xi\rp _ 

— 1 = 1 



(Xj + X — X 



I \p 



where 



cx'^ + 2dx + ad — he , 
Q(x) = , p{x) 



cx + d 



cx + d 

Denote 

ai = \a{xi)\p, (3i = 

Consider the following functions: 

For < a < /3 define the function ipa,i3 : [0, +oo) — )• [0, +oo) by 



z = 1,2. 



fa^pir) = T-r- < 



^r, if r < a, 

a*, if r = a, 

2 

^, if a < r < /3, 

/3*, if r = /3, 

r, if r > /3, 



where a* and /3* are some given numbers with a* < (3* > (3. 
For < /3 < a define the function (j)a,i3 ■ [0, +oo) — )• [0, +oo) by 

' |r, if r < /3, 



1 



(Pa,fi{r) = 7-r- < 



/?', if r = /3, 

a, if /3 < r < a, 

a', if r = a, 
r, if r > a, 



where a' and /3' some positive numbers with a' < a, /3' > a. 
For a > we define the function Tpa '■ [0, +oo) — )• [0, +oo) by 



r, if r 7^ a, 
a, if r = a, 



where a is a given number. 

Using the formula ()6.ip we easily get the following: 

Lemma 6.1. //x G Sr{xi), then the following formula holds 



. V'S.C^), = ft- 



n > 1, i 
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Thus the p-adic dynamical system f"'(x),n > l,x G Cp,x / x is related to the real 
dynamical systems generated by <Pa,/3, 4'a,p and il^a- Now we are going to study these 
(real) dynamical systems. 

Lemma 6.2. The dynamical system generated by <pa,/3{r),a < fi has the following prop- 
erties: 

1. Fix(v?„,^) = {0}U 
( {r : r > /?} U {/?* : if ^ = p*}, for \c\p = 1, 

{r : r < a; if a = |c|p/3} U {a : if a* = |c|pa} U {|c|p/3 : if a < |c|p/3}, for \c\p < 1, ; 
[ if/3* = |c|p/3}, for|c|p>l, 

2. For \c\p = 1, independently on a, we have 

0, for all r < /3, 
r, for all r > j3, ; 

I r, tf r = P 



1™ </3(^) = ' 



3. // \c\p > 1, then 

3.a) If /3* / \c\p/3, then 

lim if"^ Jr) = 0, for any r > 0; 



3.b) If = \c\pP, then 



n— >-oo 

4. If\c\p<l, then 

4.a) If a < \c\p^, then 



0, forany r ^ S = {|c|^;3 : A; = 0, 1, 2, . . . }, 

/3, if reB 



lim <^(r) = 



0, /or all r < \c\p/3, 
r, for r = |c|p/3, 
_ +00, if r> \c\pl5 
4.b) If a = \c\pf5, a* = \c\pa, then 

r, for all r < a, 



1™ VaA^ 



+00, if r > a 



4.c) If a = \c\pfi, a* ^ \c\pa, then 

r, for all r < a, 
lim (/?2a(r) = < Q!V|c|p> M r = a, ; 

+00, if r > a 
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4.d) If a > \c\pP, a* = \c\pa, then 

0, for r = 0, 

J^i^</3W = < a, for r £ L = {{\c\pP)''a^-'', k>l}, 
, +00, if r ^ L. 
4.e) If a > \c\pl3, a* > \c\pa, then 

( 0, for r = 0, 
lim vlg{r) = \ 

4.f) If a > \c\pP, a* < \c\pa, then there exists k>2 such that the sequence 

C = {a,(pa,i3ioi), faji'^)} 
is a k-cycle of ipa,i3 and 



0, for r = 0, 

eC, for r£U = {r:3nen, ^fl^f^ir) G C}, 
+00, if r ^ U. 



Proof. 1. This is the result of a simple analysis of the equation (pa,0{r) = r. 

Proofs of parts 2-4 follow from the property that (pa,0{r), r 7^ a, ^ is an increasing 
function. □ 

Lemma 6.3. The dynamical system generated by 4>a,p{f)^Oi > /3 has the following prop- 
erties: 

A. Fix(0„,;3) = {0}U 

{r : r > a} U {a : if a = a'}, for \c\p = 1, 
{a : if a' = |c|pa}, for|c|p < 1, 
{a/\c\p}, ifa > \c\pl3, \c\p > I, 
{/? : if/3' = |c|p/3},fora < \c\p/3, \c\p > 1. 

B. For \c\p = 1, we have 
B.a) If a = a' , then 

0, for r = 0, 
lim o(r) = i for all r < a, . 

r, for all r > a, 

>. 

B.b) If a ^ a', then there exists k>2 such that the sequence 

«, a' = 0a,/3(a), 0a,/3(")> • • • > ^a^^(") 

is a k-cycle for (f)a,/3{f) o.nd lim„_^oo 4>^ ^(r) converges to the k-cycle for any 
r < a. Moreover the limit is equal to r for any r > a. 
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C. // \c\p < 1, then 

C.a) If a' = \c\pa, then 



1™ = s 



r 0, if r = 0, 

a, for any r < a, 
+00, for any r > a; 
C.b) If a' / \c\pa, then there exists k>2 such that the sequence 

p = {a, a' = (t>aA'^)' 4>a,p{oi), • • • , <i>a~0'y'^)} 
is a k-cycle for (j)a,i3{^) o.^'d 

' 0, if r = 0, 

< r €W = {r -.Bnen, (p'^Ar) G P] 

+00, ii r 



n—>oo 



D. // \c\p > 1, then 

D.a) If a > \c\pl3, then 



for all r>0, 
0, for r = 0, ' 



Ikn ,^2^(r) = 

D.b) If a < \c\pP, j3' = \c\pj3, then 

( P, for all reM = {|c|^^, k > 0}, 
lim C «(r) = < , ; 

n^oo "''^^ [ 0, /or r ^ M, 

D.c) If a < \c\pP, /3' 7^ \c\pP, then 

lim g(r) = 0, for r > 0. 

Proof. Since (jia^pi^) is a piecewise linear function the proof consists of simple computa- 
tions, using the graph of the function and varying the parameters a, \c\p. □ 

The following lemma is obvious: 

Lemma 6.4. The dynamical system generated by ijja{r),a > has the following properties: 

{r : r ^ a}U {a : if a = a}, for \c\p = 1, 
{a : if a = |c|pa}, for \c\p ^ 1. ' 



(i) Fix(V'a) = {0} U 

(ii) // \c\p = 1, then 



lim ib!t(r) = < 



r, for any r ^ a,a ^ a, 
a, for r = a,a ^ a, 
r, for any r > 0,a = a, 
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(iii) If \c\p > 1, then 



lim 



(iv) If \c\p < 1, then 



lim V'al^ 



Q, for r € H = {\c\pa : k > 0}, \c\pa = a, 



0, for any r > 0, \c\pa ^ a, 
k 

p 

0, for r ^ H, \c\pa = a, 
0, for r = 0, 

+00, for any r > 0, \c\pa ^ a, 
a, for r ^ H = {\c\pa : k > 0}, \c\pa = d, 
+00, for r ^ H, \c\pa = a. 



Now we shall apply these lemmas to the study of the |j-adic dynamical system generated 
by/. 

For X G Saiixi), we denote 

(x) = a- - 

For X G Si3-{xi), we denote 



{Xi) + X — X 



i = 1,2. 



\(^{Xi) -\~ X Xi\p , 

<, 1 = 1,2. 



\(3{xi) + x- xnp 
Using Lemma 16.11 and Lemma 16.21 we obtain the following 

Theorem 6.5. If ai < f3i and x G Sr{xi), i = 1,2, then the p-adic dynamical system 
generated by f has the following properties: 

1. The following spheres are invariant with respect to f : 

Sr{xi), if r > /3i, \c\p = 1, 

Sr{xi), if r < Oj, a-i = \c\pl3i; \c\p < 1, . 

S\c\p^,{xi), iftti < \c\pf5i,\c\p < 1. 

2. For \c\p = 1, we have 

lim /"(x) = Xi, for all r < j3i, 

n— >oo 

/ {Sr{xi) \ Vz) C Sr{xi), for all r > /3i, 
lim /"(x) G S^*M{xi), if r = /Sf, 

3. // \c\p > 1, then 

3. a) If (3*{x) / \c\pf5i, then 

lim /"(x) = Xi, for any r > 0; 
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3. b) IfP*{x) = \c\pPi, then 

{Xi, for any r ^ B, 

4. // \c\p < 1, then 

4. a) If ai < \c\pf3i, then 

lim /"(x) = Xi, for all r < \c\pf3i, 



f {Sr{xi) \ Vz) C Sr{xi), for r = |c|p/3i, 
lim - Xi\p = +00, if r > jclpft; 

n^oo 

4.b) If ai = \c\pf3i, a*{x) = \c\pai, then 

f {Sr{xi) \ Vs) C Sr{xi), for all r < ai, 
lim If^'ix) - Xi\p = +00, if r > ai] 

n— >oo 

4.c) If ai = \c\pf3i, a*{x) / |c|paj, then 

f {Sr{xi) \ Vs) C Sr{xi), for all r < ai, 
lim /"(x) G S'Q*(a,)/|c| (xi), for r = ai, 

lim If^ix) - Xi\p = +00, if r > ai] 

n— ^-oo 

4.d) If ai > \c\pf3i, a* = \c\pai, then 

lim r(x) G /or r G L = {(|c|pft)'a^^ k > 1}, 



lim - Xi\p = +00, i/ r ^ L. 

n— >oo 



4.e) //aj > |c|p/3j, a*(x) > |c|pai, i/ien 

lim — XjL = +00, if r > 0. 

n— >oo 

4.f) If ai > \c\pPi, a* < \c\pai, then there exists k > 2 such that the limiting 
trajectory of f^{x),n > 1 will periodically visit the spheres S^j (q! )('^«)' 

j = 0,1, . . . ,k—l in the following way: if r £ U = {r : 3n £ N, (f'^, (r) G C}, 

Sa^iXi) S^^^^^^^^^){Xi) > ^ 5„,(Xi), 

and 

lim |/"(x) - Xilp = +00, if r ^U. 

n— >oo 

By Lemma |6. II and Lemma 16.31 we obtain the following 

Theorem 6.6. If ai > f3i and x G Sr{xi), i = 1,2, then the p-adic dynamical system 
generated by f has the following properties: 
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A. The following spheres are invariant: 

Sr{xi), if r > ai, \c\p = 1, 

Sa/\c\piXi), if ttj > |c|p/3i, \c\p > 1. 

B. For \c\p = 1, we have 
B.a) If ai = a*{x), then 

lim f"{x) G Sa*ix){xi), for all r < ai, 

f iSr{xi) \ Vs) C Srixi), for all r > ai] 

B. b) // ai 7^ a*{x), then there exists k > 2 such that the limiting trajectory of 

/"(x), n > 1 will periodically visit the spheres S^j (Q,-)(^i)? J = 0) 1) • • • > k — 1 

in the following way: 

Sa,{xi) 5'<^c„/3,(a«)(^i) ^ V"' (a^)*^^*^ ~^ Sa,{xi), forany r <ai 

and 

lim /"(x) G forany r > ai. 

n— ^-oo 

C. // |c|p < 1, then 

C. a) If a*{x) = \c\pai, then 

f {Sr{xi) \ Vs) C Sa{xi), for any r < ai, 
lim — Xi\p = +00, for any r > a^; 

n— >cxD 

C. b) If a*{x) 7^ |c|paj, i/ien i/iere exists k >2 such that the limiting trajectory of 

f^{x),n> 1 will periodically visit the spheres S^j i = 0; 1) • • • ,k — l 

in the following way: if r ^ W = {r : 3n £ N, (/)^. ^ (r) S P}, i/ien 
lim - Xi\p = +00, if r ^W; 

n— ^oo 

D. // |c|p > 1, then 

D. a) //ctj > |c|p/3j, then 

lim /"(x) G 5 " (xi), /or a// r > 0, 
D.b) //oj < \c\pf3i, j3*{x) = \c\pj3i, then 

lim /"(x) G 5ft (xi), /or all rGM = {\c\^p(3i,k> 0}, 

n— >-oo 

lim /"(x) = Xj, for r ^ M; 

D.c) //ai < \c\p/3i, 13* {x) ^ \c\pl3i, then 

lim /"(x) = Xj, for r > 0. 

n— >oo 

By Lemma |6. II and Lemma 16.41 we get 
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Theorem 6.7. If ai = f3i, and x G Sr{xi), i = 1,2, then the dynamical system generated 
by f has the following properties: 

(i) For any r ^ ai the sphere Sr{xi) is an invariant set. 

(ii) If \c\p = 1, then 

(ii.a) If ai ^ a*{x), then 

f {Sr{xi) \ Vs) C Sr{xi), for all r ^ af, 

f {Sr{xi) \ V3) C 5'a.(^)(xi), if r = af, 
(ii.b) If ai = a*{x), then 

f iSr{xi) \ V3) C ^^(a;^), for all r ^ 0; 

(iii) If \c\p > 1, then 

(iii.a) If a*{x) 7^ |c|pQj, then 



lim f^ix) = Xi, for any r > 0; 

n->oo 

(iii.b) If a*{x) = \c\pai, then 

lim f"'{x) = Xi, for any r £ H = {\c\'lai : k > 0}, 

n— >oo ^ 

lim G S^Xi) for r ^ H. 

n— >oo 



(iv) If \c\p < 1, then 

(iv.a) If a*^{x) / |c|paj, then 



lim [/"(x) — Xi\p = +00, for any r > 0, 

n— >-oo 

(iv.b) If a*{x) = \c\pai, then if r E H = {\c\pai : A; > 0}, then 
lim /"(x) G Sa,{xi), for any r e H, 

lim |/"'(x) — Xi\p = +00, for any r ^ H. 

n— >-oo 

Acknowledgments 

U.Rozikov thanks the universitc du Sud Toulon Var for supporting his visit to Toulon 
and the Centre de Physique Theorique de Marseille for kind hospitality. He also would like 
to acknowledge the hospitality of the " Institut fiir Angewandte Mathematik" , Universitat 
Bonn (Germany). This work is supported in part by the DFG AL 214/36-1 project 
(Germany). 



20 albeverio s, rozikov u.a., sattarov la. 

References 

[1] V.A.Avetisov, A.H. Bikulov, S.V.Kozyrev and V.A.Osipov, p-adic models of uHrametric diffusion 
constrained by hierarchical energy landscapes, J. Phys. A: Math. Gen. 35(2002), 177-189. 

[2] S.Albeverio, A.Khrennikov, and P.E.Kloeden, Memory retrieval as a p-adic dynamical system, 
BioSys. 49(1999), 105-115. 

[3] S.Albeverio, A.Khrennikov, B.Tirozzi and S.De.Smedt, p-adic dynamical systems, Theor.Math. Phys. 
114(1998), 276-287. 

[4] I.Ya.Araf eva, B.Dragovich, P.H.Frampton and I.V.Volovich, Wave function of the universe and 

p-adic gravity, Mod.Phys. Lett. A6(1991) 4341-4358. 
[5] R.Benedetto, Hyperbolic maps m p-adic dynamics, Ergod. Th.& Dynam.Sys. 21(2001), 1-11. 
[6] R.Benedetto, p-Adic dynamics and Sullivan's no wandering domains thoerem, Compositio Math. 

122(2000), 281-298. 

[7] G.Call and J .Silverman, Canonical height on varieties with morphisms, Compositio Math. 89(1993), 
163-205. 

[8] D.Dubischer, V.M.Gundlach, A.Khrennikov and O.Steinkamp, Attractors of random dynamical sys- 
tem over p-adic numbers and a model of 'noisy' cognitive process, Physica D. 130(1999), 1-12. 
[9] N.N.Ganikhodjaev, F.M.Mukhamedov and U.A.Rozikov, Existence of phase transition for the Potts 
p-adic model on the set Z, Theor.Math. Phys. 130(2002), 425-431. 
[10] D.Gandolfo, U.A.Rozikov, J.Ruiz, On p-adic Gibbs Measures for Hard Core Model on a Cayley Tree. 

arXiv:1107.4884vl [math-ph]. 
[11] F.Q.Gouvea, p-adic numbers. Springer, Berlin 1991. 

[12] V.M.Gundlach, A.Khrennikov and K.O.Lindahl, On ergodic behavior of p-adic dynamical systems., 

Infin. Dimen. Anal. Quantum Probab. Relat. Top. 4(2001), 569-577. 
[13] P.G.O.Freund, and E.Witten, Adelic string ampletudes, Phys. Lett. B199(1987) 191-194. 
[14] M.Herman and J.-C.Yoccoz, Ceneralizations of some theorems of small divisors tp non-Archimedean 

fields. In: Geometric Dynamics (Rio de Janeiro, 1981), Lec. Notes in Math. 1007, Springer, Berlin, 

1983, pp.408-447. 

[15] M.Khamraev, F.M.Mukliamedov, U.A.Rozikov, On the uniqueness of Cibbs measures for p~adic 
non homogeneous X— model on the Cayley tree. Letters in Math. Phys. 70 (2004), 17-28. 

[16] M.Khamraev, F.M. Mukhamedov, On a class of rational p-adic dynamical systems. J. Math. Anal. 
Appl. 315(1) (2006), 76-89. 

[17] N.Koblitz, p-adic numbers, p-adic analysis and zeta-function Springer, Berhn, 1977. 

[18] A.Yu.Khrennikov, p-adic quantum mechanics with p-adic valued functions, J. Math. Phys. 32(1991), 
932-936. 

[19] A.Yu.Khrennikov, p-adic Valued Distributions in Mathematical Physics Kluwer, Netherlands, 1994. 
[20] A.Yu.Khrennikov, Non-Archimedean analysis: quantum paradoxes, dynamical systems and biological 

models, Kluwer, Netherlands, 1997. 
[21] A.Yu.Khrennikov, The description of Brain's functioning by the p-adic dynamical system. Preprint 

No. 355 (SFB-237), Ruhr Univ. Bochum, Bochum (1997). 
[22] J .huhin, Nonarchimedean dynamical systems, Composito Math. 94(3)(1994), 321-346. 
[23] E.Marinari and G.Parisi, On the p-adic five point function, Phys. Lett. 203B(1988) 52-56. 
[24] F.M. Mukhamedov, U.A. Rozikov, On rational p-adic dynamical systems. Methods of Func. Anal. 

and Topology. 2004, V.IO, No.2, p. 21-31. 
[25] F.M. Mukhamedov, U.A. Rozikov, On Gibbs Measures of p-adic Potts Model on the Cayley Tree, 

Indag. Math., New Ser. 15 (2004), 85-100. 
[26] F.M. Mukhamedov, U.A. Rozikov, On Inhomogeneous p-adic Potts Model on a Cayley Tree, Infin. 

Dimens. Anal. Quantum Probab. Relat. Top. 8, (2005), 277-290. 
[27] F.M. Mukhamedov, U.A. Rozikov, J.F.F. Mendes, On Phase Transitions for p-adic Potts Model with 

Competing Interactions on a Cayley Tree, in p-Adic Mathematical Physics: Proc. 2nd Int. Conf., 

Belgrade, 2005 (Am. Inst. Phys., Melville, NY, 2006), AIP Conf. Proc. 826, pp. 140-150. 
[28] T.Pezda, Polynomial cycles m certain local domains. Acta Arith. 66 (1994), 11-22. 
[29] H.-O.Peitgen, H.Jungers and D.Saupe, Chaos Fractals, Springer, Heidelberg-New York, 1992. 
[30] A.M.Robert, A course of p-adic analysis. Springer, New York, 2000. 



p-ADIC (2, l)-RATIONAL DYNAMICAL SYSTEMS 



21 



[31] P.-A. Svcnsson, Two-periodic dynamics in finite extensions of the p-adic number field. Proc. Steklov 

Inst. Math. 265(1) (2009), 235241. 
[32] E.Thiran, D.Verstegen and J.Weters, p-adic dynamics, J.Stat. Phys. 54(3/4) (1989), 893-913. 
[33] V.S.Vladimirov, I.V.Volovich and E.I.Zelenov, p-adic Analysis and Mathematical Physics, World 

Scientific, Singapour, 1994. 
[34] I.V.Volovich, Number theory as the ultimate physical theory, Preprint, TH, 4781/87. 
[35] I.V.Volovich, p-adic strings, Class. Quantum Grav. 4(1987) L83-L87. 
[36] P.Walters, An introduction to ergodic theory. Springer, Berhn-Heidelberg-New York, 1982. 



S. Albeverio, Institut fur Angewandte Mathematik and HCM, Universitat Bonn, En- 
DENiCHER Allee 60, 53115 Bonn, Germany; CERFIM (Locarno). 
E-mail address: albeverio@imi-bonn.de 

U. A. RoziKOv and LA. Sattarov, Institute of mathematics and information technologies, 
29, Do'rmon Yo'li str., 100125, Tashkent, Uzbekistan. 

E-mail address: rozikovu@yandex.ru iskandEirl207@rambler.ru 



